Optimal measurements to access classical correlations of two-qubit states 
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We analyze the optimal measurements accessing classical correlations in arbitrary two-qubit states. 
Two-qubit states can be transformed into the canonical forms via local unitary operations. For the 
canonical forms, we investigate the probability distribution of the optimal measurements. The 
probability distribution of the optimal measurement is found to be centralized in the vicinity of a 
specific von Neumann measurement, which we call the maximal-correlation-direction measurement 
(MCDM). We prove that for the states with zero-discord and maximally mixed marginals, the 
MCDM is the very optimal measurement. Furthermore, we give an upper bound of quantum discord 
based on the MCDM, and investigate its performance for approximating the quantum discord. 
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I. INTRODUCTION 

Optimization procedures are involved in many quanti- 
ties in the quantum information theory. One of the most 
important examples is the entanglement of formation, 
which is denned as the least expected entanglement over 
all ensembles of pure states realizing the given states [1| . 
Here we focus on the optimization procedure involved in 
the classical correlation, which is denned as the maximal 
amount of information about the subsystem B that can 
be obtained via performing measurement on the other 
subsystem A Q. Meanwhile, the non-classical correlation 
is measured by the so-called quantum discord [3], which 
is the difference of the total amount of correlations and 
the classical correlation. Over the past decade, quantum 
discord has received a lot of attention, including analytic 
calculations for some special two-qubit sates [J, de- 
tecting of quantum discord I6 h13| , quantum discord in 
the concrete physical models |T4TJ23[. the dynamics of 
quantum discord 24 35] , quantum discord in continuous 
variable system [3 a . |37| . quantum discord of multipar- 
tite states [38| , and exploration in the laboratory (39l44]| , 
etc. Most recently, operational interpretations of quan- 
tum discord are proposed in Ref . [42], |43[ , where quantum 
discord was shown to be a quantitative measure about 
the performance in the quantum state merging. 

To access the total classical correlation or get the value 
of quantum discord, one has to find the corresponding 
optimal measurements. On the other hand, the sud- 
den change of the optimal measurements during evolu- 
tion is related to a novel phenomenon of the quan tum 
discord — the sudden change in decay rates [27l - l30l l4fl |. 
So a study on the optimal measurements will help us 
to understand the dynamical properties of the quan- 
tum discord. The optimization involved is taken over 
general measurements, which is described by a positive- 
operator- valued measure (POVM). In Ref. (44[, Hamieh 
et al. showed that for two-qubit system the optimal mea- 
surement over POVM is a projective measurement. In 
this paper, we only consider orthogonal projective mea- 
surements , knows as von Neumann measurement. De- 



spite recent progress, the optimization procedure over 
von Neumann measurements is still hard to be resolved 
for general two-qubit states, and analytic approaches still 
lack. This motives us to systematically investigate the 
optimal measurements and find an effective way to ap- 
proach the optimal measurement. 

In the present article, we investigate the probability 
distribution of the optimal measurements. Based on a 
general analysis on those factors which influence the clas- 
sical correlation, we introduce the canonical forms for the 
two-qubit states and the maximal-correlation-direction 
measurement (MCDM). For arbitrary two-qubit states, 
the optimal measurements are found to be centralized in 
the vicinity of the MCDM. We prove that for the states 
with zero-discord and maximally mixed marginal, the 
MCDM is the very optimal measurement accessing clas- 
sical correlation. We also study its veracity for X-states 
and arbitrary states. Then we propose the MCDM-based 
discord as an upper bound of quantum discord. It is 
demonstrated that the MCDM-based could be a good 
approximation of quantum discord. 

This article is organized as follows. In Sec. UH we give 
a brief review on the measures of the total, quantum and 
classical correlations. In Sec. IIII1 first we give a general 
analysis on those factors which influence the classical cor- 
relations. Then we introduced the concepts of the canon- 
ical form and the MCDM. In Sec. IIV1 we investigate the 
probability distribution of the optimal measurements and 
the performance of the MCDM. In Sec. El we propose the 
MCDM-based discord as an upper bound of quantum dis- 
cord, and investigate its performance for approximating 
quantum discord. Section [VII is the conclusion. 



II. REVIEW OF QUANTUM DISCORD 

First, we recall the concepts of the total amount of cor- 
relations, the classical correlation and the quantum cor- 
relation. Given a quantum state p in a composite Hilbert 
space rl = rl A (?) H B , the total amount of correlation is 
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quantified by the quantum mutual information [45| 

l(p) = S(p A ) + S(p B )-S( P ), (1) 

where S(p) = — Tr [plog 2 p] is the von Neumann entropy 
and p A ( B ^ = Ttb(a) [p] is the reduced density matrix by 
tracing out system B(A). The total amount of correla- 
tions can be splitted into the quantum and the classi- 
cal parts 0, H[ . The classical correlation is seen as the 
amount of information about the subsystem B that can 
be obtained via performing a measurement on the other 
subsystem A . Then the measure of the classical correla- 
tion is defined by 



C{ P ) = Sip 1 



PkS(p B 



(2) 



where {E A } is the POVM performed on A and p B := 
Tr^ (E A (g) t B p) /pk is the remaining state of B after ob- 
taining the outcome k on A with the probability pk '■= 
Tr{E^®t B p). 1 A(B) is the identity operator on the 
subsystem A(B). Meanwhile, the quantum correlation is 
measured via the quantum discord defined by @, 0] 



V(p)=T(p)-C(p), 



(3) 



which is the difference of the total amount of correlation 
X{p) and the classical correlation C{p). 

The definition of the classical and quantum correla- 
tions involves an optimization process to minimize the 
term ^ fe p k S(p B ), which is considered as the quantum 
version of the conditional entropy [3[ . For two-qubit sys- 
tems, it is shown that the optimal POVM is a projective 
measurement [441 ] . Hereafter, we will only consider the 
orthogonal measurement projective measurement, knows 
as von Neumann measurement. A von Neumann mea- 
surement {n^,n^} of a two-qubit system can be char- 
acterized by a unit vector n = (ri\, ri2, nz) T on the Bloch 
sphere, through 



(4) 



So the optimization may be taken over half of the Bloch 
sphere, since exchanging H A and I1 A gives the same mea- 
surement. 



we consider the relative entropy as a measure of the dis- 
tance, then the classical correlation can be considered as 
maximal average distance between the remaining state 
p B and the reduced state p B . It seems that the optimal 
measurement tends to be the one which makes the re- 
maining states far away from the reduced state, although 
the probability p k also plays an important role in the ac- 
tual optimization problem. 

Based on this tendency, we use the following Fano- 
Bloch decomposition of an arbitrary two-qubit state (46l. 
S3: 



p ® p 



where A,-,- = (<t a <j b 



1 3 

7 E A « ff 



(5) 



(< J f}p(< J f)p is the correla- 



y — \ u i "j Ip 
tion function with (0) p := Tr [pO] defined. This form 
was used to investigate the dynamics of open quan- 
tum systems in the presence of initial correlation [48| . 
and the correlation functions were used to characterized 
the correlations in a quantum state of a composite sys- 
tem [iij [Ho| • Because the quantum and classical correla- 
tions are both invariant under local unitary transforma- 
tions, we will consider a special set of two-qubit states, 
in which for arbitrary two-qubit state we can find an 
equivalent state up to local unitary transformations. In 
Ref . [H , Luo showed that the matrix A in Eq. (J5J) can be 
diagonalized through local unitary transformations. Fur- 
thermore, the order and the signs of the eigenvalues of A 
can be realigned through 50(3) transformations, which 
correspond to SU (2) transformations on the density ma- 
trices. Here we introduce the canonical form of two-qubit 
states, which is defined by 



1 3 
4 ^ 

i=l 



Ai 



(6) 



with Ai = (cr A a B )p 



•i IP 



[a B ) p and Ai > A 2 > |A 3 



The sign of A3 is determined by the determinant |A| via 
|A| = A1A2A3. An arbitrary two-qubit state is equivalent 
to a certain state in the canonical form up to local unitary 
transformations. So studying the states in the canonical 
form is adequate to understand the quantum and classical 
correlations of arbitrary two-qubit states. Hence, we will 
only consider the states in the canonical form hereafter. 

After von Neumann measurement characterized by 
Eq. ([4]) performed on A, we get the remaining state of B 
with the outcome k — 1 , 2 on A as follows 



III. GENERAL ANALYSIS AND 
MAXIMAL-CORRELATION-DIRECTION 
MEASUREMENT 

The classical correlation ([2]) can be expressed as 
C = m^ {n A } J2 k PkS(p B \\p B ), where S(p B \\p B ) := 
-S(p B ) - Tr(pf logp B ) is the relative entropy 0. If 



p B k 



-Az 



Pk 



(7) 



where p k = Tr [p A n^] and A k = 
j(— l) k+1 Yli=i n iAi<r B are both dependent on U A (ni). 
Note that A2 = — Ai. From Eq. (J7J, we can see that 
the von Neumann measurement influences the quantum 
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conditional entropy through pk and A*. The influence 
of pk is complicated, since p^ not only impacts the 
remaining state p B but also impacts the averaging of 
S(p B ), while Afe only impacts the remaining state. If 
we assume that the influence of A& to the quantum 
conditional entropy is stronger than that of pk, the 
optimal measurement will tend to be the one which 

maximizes |Ai| = ^TrAiAj (Remind |A 2 | = |Ai|). 
After some algebras, we have 

i=l 

The maximum of |Ai| 2 is achieved when n = (1,0,0) T . 
So the corresponding measurement is 

jlT 4 = \{l+*t), 1^=^(1-^)} ■ (9) 

Because A^ are correlation functions and Ai is the largest 
one of them, we call Eq. (jH]) the maximal-correlation- 
direction measurement (MCDM) performed on A for the 
two-qubit states in the canonical form. For an arbitrary 
two-qubit state, we can always find a local unitary trans- 
formation U\®U2 such that p = U\® U2pU\ ® \j\ is in 
the canonical form. So the MCDM performed on A for 
an arbitrary two-qubit state is given by 

[l (a + ul*£ui) , \ (i - u\a A u,) | . (10) 

IV. PERFORMANCE OF THE MCDM 

In the following, we will investigate the performance of 
the MCDM to access the classical correlation measured 
by the quantum discord. 



A. Zero-discord states 

The zero-discord states are the states satisfying p = 
J2k u k ® l B P n fc ® I s , where {IT^} is just the optimal 
von Neumann measurement to access the classical cor- 
relation, see Ref. [|| . In Appendix [3] we show that a 
sufficient and necessary condition of zero-discord is the 
existence of such a unit vector n satisfying the following 
equations 

nn T a = a, (11) 
nn T R = R, (12) 

where ai = Tr(a A p A ) is the polarization vector of the 
reduced density matrix p A , R is a 3 x 3 matrix with the 
elements Rij — Tr(a A ®a B p), and n is the column vector 
characterizing the optimal von Neumann measurement 
via Eq. Q. For the states in the canonical form, we 



have R = A + ab T , see the definitions of R, A, a and b. 
Then the conditions (TTTj) and Q12p leads to 

A = nn T A. (13) 

Considering A = diag{Ai, A 2 , A3} is a diagonal matrix 
with Ai > A 2 > |A 3 |, from Eq. Jl3]), the first diagonal 
element of the matrix A reads 

Ai = (m) a Ai. (14) 

So we obtain n\ — ±1, which corresponds to the MCDM. 

So we conclude that for the zero-discord states, the 
MCDM is just the optimal measurement to access the 
classical correlation. 



B. states with maximally mixed marginals 

The states with maximally mixed marginals are the 
ones satisfying p A = TL a /cIa and p B = I s /ds, where 
d>A(B) = dim(H" 4( - S ' ) ) is the dimension of the Hilbert- 
space 1-L A ( B \ For two-qubit systems, The canonical 
forms of states with maximally mixed marginals must 
be Bell-diagonal states, while an arbitrary Bell-diagonal 
state need not be in the canonical form. An arbitrary 
Bell-diagonal state reads 

1 1 3 

p=-t A ®t B + -Y^c l n A ®af (15) 

1=1 

with a = (a A ® erf). Only when a > c 2 > | C3 1 , the 
Bell-diagonal state is in the canonical form. For Bell- 
diagonal states, Luo got the analytical results of quantum 
discord [4|. There it was shown that the optimal mea- 
surement is given by the unit vector n — {ni,n2,n^) T 

which maximizes y 2?=i c i n i ■ ^° the optimal measure- 
ments of Bell-diagonal states must be in the universal fi- 
nite set {{^(1 ± ^i 4 )}!* = 1:2,3}. Here universal means 
this set of von Neumann measurements is independent 
on the given states. For the Bell-diagonal states in the 
canonical form, we have c\ > c 2 > | C3 1 . Then the op- 
timal measurement is explicitly given by n — (1,0, 0) T , 
which is consistent with the MCDM © . This is because 
A; = Ci due to (cr A ) p — (maximal mixed margins), 

then the maximization of \Jj2^=i c i n i i s equivalent to 
the maximization of |Ai| 2 , see Eq. ©. 

So we conclude that for the states with maximally 
mixed marginals, the MCDM is just the optimal mea- 
surement to access the classical correlation. 



C. A-states 

In the following, we consider the so-called X-states, 
named because of the visual appearance of the density 
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matrix 



P = 



a w* 

b z* 

z c 

to d 



(16) 



The A-states, including maximally entangled Bell states 
and Werner states, are a class of typical quantum states 
in the field of quantum information. An algebraic char- 
acterization of A-states is presented in Ref. [51] . The 



Fano-Bloch representation matrix = Tr(cr| 
A-states is also of A-type 



1 b 3 

#n Ru 

Rn R 22 

a 3 i? 33 



>) of 



(17) 



An important property of the class of the X-states 
is that an A-state after the local unitary operations 
exp(ia 3 A ipi/2) <X> exp(i<7jf y>2/2) is also an A-state. This 
leads to the following theorem: 

Theorem. For the X -states, it is impossible to exist 
a universal finite set of von Neumann measurements 
among which the optimal measurement must be. 

Proof. The proof is divided into two steps. First, we 
assume that for the class of A-state, such a univer- 
sal finite set exists and is denoted by M := {Mi\i € 
I}, where Mi is a von Neumann measurement and 
I is a finite set of the indexes. Let R z {}Pi,<f2) '■= 
R£((pi) ® Rf((p 2 ) with Rz [B \ip) := exp(^ (s V/2)- If 
Mi is the optimal measurement for a given state p, then 
Mi((pi) — R z (ipi)MiRl((fi) is the optimal measure- 
ment for the state p(tpi,tp 2 ) = Rz( ( Pii<P2)pRx( ( Pii<P2)- 
Because p(ipi,ip2) is also an A-state, we must have 
Mi((fi) G M. Remind that M is a finite set, the only 
possibility is that all the Mi are invariant under the op- 
eration R z (tpi) with arbitrary ipi, i.e., the only possibility 
of Mi is {(1 ± cr 3 4 )/2}. In the second step, we disprove 
this only possibility. From Sec. IIV B[ we already know 
that for Bell-diagonal states, there are three possibility 
of the optimal measurement: {(t±af)/2} for i = 1, 2, 3. 
These three measurements constitute the minimal uni- 
versal finite set A^bd of possible optimal measurement 
for Bell-diagonal states. Because Bell-diagonal states are 
a subclass of the A-states, AJbd must be a subset of 
M, but actually it is not. This disproves the only possi- 
bility derived in the first step. So the above theorem is 
proved. □ 

The above theorem implies for the entire class of X- 
states, the optimization procedure involved in the clas- 
sical correlation must be state-dependent. This result is 
opposite to that of Ref. 0, where the authors gave a 
universal finite set of candidates and sought the optimal 
measurement in this set. In Ref. [54|, we show the con- 
straint missed in Ref. To elucidate this, we also give 
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Percentage 


tt/2 





99.40% 


71-/2 


-TT/2 


0.60% 



TABLE I: Distribution of the optimal measurements to access 
the classical correlation, for random density matrices in the 
canonical form and equivalent to X-states up to local unitary 
transformations. The total number of the random states is 
10000. 



an explicit example: 



0.0783 

0.1250 0.1000 

0.1000 0.1250 

0.6717 



(18) 



This state is in the canonical form with Ai = A2 = 0.2 
and A3 = 0.1479. The optimal measurements are char- 
acterized by two angle 8 and <f>, via Eq. (Q| and 



n = (sin 9 cos </>, sin 9 sin cf>, cos ( 



(19) 



with 9 € [0, 7r) and <fi E [—tt/2, —tt/2). It can be directly 
verified that the state (1181) is invariant under the opera- 
tion exp(iipia 3 )(^exp(iip2a 3 ), so the optimization is only 
relevant to 9, see Ref. [30] - Following the optimization 
strategy of Ref. @ , the value of 6 can only be either or 
7r/2. However, the optimal measurement of this state is 
numerically found at 9 ~ 0.1557T. 

In the following, we numerically investigate the prob- 
ability distribution of the optimal measurement for the 
class of A-states. We first generate 100,000 random den- 
sity matrices according to Hilbert-Schmidt measure |52| 
and then project them into the X-state subspace via 

Px = J2k=i,2 E kP E k witn E i = diag-UAM} and 
E2 = diag{0, 1, 1, 0}. These random X-states was later 
transformed into the canonical forms via local unitary 
transformations. We numerically find optimal measure- 
ments to minimize the quantum conditional entropy, uti- 
lizing the general expression of the quantum conditional 
entropy, see Eq. (|B9|) in Appendix [B] If there are more 
than one optimal measurement, we chose the one clos- 
est to the MCDM, because we concern on how to find 
an optimal measurement but not all of the optimal mea- 
surements. Our numerical results in Table Q] show the 
probability that the MCDM would be the optimal mea- 
surement is about 99.40%, and the second preference of 
the optimal measurement is given by n = (0, 1, 0) T . 

In Table U it seems that the value of 9 for the optimal 
measurement is always 7r/2, however, a counterexample 
does exist and is already given in the Eq. (|18[) . 



D. arbitrary two-qubit states 

For arbitrary two-qubit states, the optimization pro- 
cedure involved in the quantum discord is unreachable 
up to now. The MCDM solves this optimization for 
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the states with zero-discord and with maximally mixed 
marginals. Besides, the MCDM hits the optimal mea- 
surements for the most of the JT-states. So what about 
the performance of the MCDM for arbitrary two-qubit 
states? 
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FIG. 1: Probability distribution of the optimal measurements 
for the 100,000 random states according to Hilbert-Schmidt 
measure [52], in the canonical form. Here we discretized the 
domain of 9 and d> into 100 sections. 



We generate 100,000 random density matrices of two 
qubit according to Hilbert-Schmidt measure [HI] and 
transform them into the canonical form. Then we nu- 
merically investigate the probability distribution of the 
optimal measurement characterized by two angle 9 and <p 
via Eq. (JJ). In Fig.Q] we show that the MCDM is indeed 
the preference of the optimal measurements. Meanwhile, 
the optimal measurements are centralized in the vicinity 
of the MCDM. This motivates us to consider the MCDM 
as an alternative of the optimal measurement accessing 
the classical correlation. 



V. MCDM-BASED DISCORD 

The centralization of the optimal measurements in 
the vicinity of the MCDM motivates us to introduce a 
MCDM-based discord for an arbitrary two-qubit state as 
follows 



V{p) :=S(p A )-S(p) + S {fl , } (B\A), 



(20) 



where S^jjAy(B\A) is the quantum conditional entropy 
J2kPkS(Pk) based on the MCDM {fl£} given by 



Eq. (|TQ]). Because the MCDM is in the set of von Neu- 
mann measurement over which the optimization involved 
in the quantum discord is taken, T>(p) will be not less 
than the quantum discord D(p). In other words, T>(p) is 
an upper bound of the quantum discord D(p). If T>{p) 
is close enough to T>(p), the MCDM-based discord will 
be a good approximation of the quantum discord. In the 
following, we investigate how close is the MCDM-based 
discord to the quantum discord. 

First, for simplicity, we consider a family of states 
p(q) = (1 — q)\ipo) (ipo\ + <zlVu)(Vu|, which are mixtures of 




FIG. 2: MCDM-based discord and quantum discord for the 
states p(q) = (1 — q)\ip ){tpo\ + q\ipi) where \ip ) and [tpi) 
are given by Eq. (|21|) . 




FIG. 3: MCDM-based discord V versus V, for 100,000 ran- 
dom density matrices according to the Hilbert-Schmidt mea- 
sure [Hi. The variance avg[(Z> - V) 2 ] ~ 3.7433 x 10" 5 , where 
avg[ • ] means the average taken over all the random density 
matrices. 



a product state j^o) and a maximal entangled state IV'i), 
with the probability 1 — q and q respectively. Specifically, 
we choose | -0 O ) an d IVu) as follows 

1 



|^o) = -=|(|00) + |10» : 

1 

7=2' 



V2 

IV'O = ^(|oi) + |io)). 



(21) 



In Fig. [3J we show that the MCDM-based discord is very 
close to the quantum discord, which suggest that it can 
be taken as a good approximation to the quantum dis- 
cord. 

For more convincing arguments, we investigate the 
MCDM-based discord and the quantum discord for ran- 
dom states. It is shown that for the most of the ran- 
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dom states, the MCDM-based discord is very close to 
the quantum discord, see Fig. [3] This demonstrate the 
efficientness of the MCDM-based discord. 



VI. CONCLUSION 

In conclusion, we have investigated the probability dis- 
tribution of the optimal measurement accessing classical 
correlation and show that the optimal measurements for 
arbitrary two-qubit state are centralized in the vicinity of 
the MCDM. We have proved that the MCDM is the very 
optimal measurement for the states with zero-discord and 
the ones with maximally mixed marginals. Besides, we 
have proposed the MCDM-based discord as an upper 
bound of quantum discord, and demonstrated that the 
MCDM-based discord could be a good approximation of 
quantum discord. 
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Appendix A: zero-discord state in Fano-Bloch 
representation 



are the ones which can be written in the form 

k 



(A4) 



with Pk = Tr(n^p) and pf = Tr A (Il k p)/pk, see Ref. 
With Eq. (|A2|i . p k and pj: can be obtained via 



1 3 

i,3=0 
1 3 

P2p 2 = I E (Pi T v) a j 



(A5) 



i,j=0 



Substituting Eqs. (|A2|) and (|A5[) into the above form of 
the zero-discord state (|A4[) . we get 

3 l 3 

53 T ij<Ti®of = 5 (<*i<*k+PiPk)Tki<ri®of. (A6) 



ij=0 



ijk=0 



Because {af (g> af} is a set of orthogonal basis of opera- 



tors on W A (g) W B , we get 



T = -(aa 1 +Pfi 1 )r. 



(A7) 



where a = (a , «i, a 2 , a 3 ) T and /3 = [fi , fi x , /3 2 , /3 3 ) T - 
The matrix r can be further decomposed into 



Here, we derive the condition of zero-discord states in 
the Fano-Bloch representation. An arbitrary two-qubit 
state can be written in the Fano-Bloch representation as 
follows (H: 



W=0 



(Al) 



where — t. A ^ is the 2x2 identity operator, a A< ^ 

is Pauli matrices. Meanwhile, a von Neumann measure- 
ment performed on A is characterized by a set of von 
Neumann operators 



1 3 

IE 



a k a A , 



(A2) 



The coefficients a k and @k are given by 



«o = A) = 1, a k = -fi k = n k for k = 1, 2, 3, (A3) 

where n k is the A;-th component of the unit vector n — 
(ni,ri2,ri3) T on Bloch sphere. The zero-discord states 



1 b T 
a R 



(A8) 



where a, b are column vectors and R are 3x3 matrix. 
Combining Eqs. (|A"3|) . (|A7| and (|A8l) . we obtain the con- 
dition of zero-discord states with the Fano-Bloch repre- 
sentation as follows 



nn a = a, 
nn T R = R, 



(A9) 
(A10) 



where n is a unit column vector. The existence of such 
n satisfying the above equations is a sufficient and nec- 
essary condition for the zero-discord. 



Appendix B: a general expression of the quantum 
conditional entropy 

In the following, we give a general expression of the 
quantum conditional entropy in the Fano-Bloch repre- 
sentation. For the states (jAll) and the von Neumann 
measurement (|A2[) , the remaining state of the system B 
with measurement result k = 1,2 of A and the corre- 
sponding probability are given by Eq. (|A5I) . 
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To obtain the eigenvalues of pf? , we first get the eigen- 
values of PkPk ■ From Eq. (|A5[) . we have 



1 3 1 
eig(pipf) = jC^2 a ina) ± | 

1 3 f 



4^' • «" 4 

i=0 




(Bl) 



(B2) 



With the decomposition form (IA8|) . we obtain the follow- 
ing results 



eig(pi) 
eig(p2) 



1 / \b + R T n\ 

2 I 1 + a T n 

1 / |&-i? T n| 

2 l X± l-a T n 
1 



P2 



-(l-a J n), 



(B3) 

(B4) 

(B5) 
(B6) 



where |A| 2 = Tr(XXt) is the Hilbert- Schmidt norm. By 
introducing a new set of parameter as follows 



T 

a n, 



f(n) 

9±( n ) = l^i i? T n| , 



(B7) 
(B8) 



we get the quantum conditional entropy [3| as follows 



1 + / 



1-/ 



(B9) 



with h(x) 



log 2 ±±£ _ 1=2 i g 2 1=£. Then the 
classical correlation C and the quantum discord T> can 
be obtained via 



C = - min 5> fe S(pf ), (BIO) 

|n|=1 k 

V = S(p A )-S{p)+mhx Y^p k S{pf). (Bll) 

n =1 * — ' 
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